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Analysis of Wings with Flow Separation
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An interactive viscous/inviscid procedure has been developed combining a three-dimensional panel method
with an inverse finite-difference boundary-layer method. The scheme incorporates both a two-dimensional and
a quasi-three-dimensional boundary-layer scheme. The resulting method has been applied to the calculation of
the flow over three-dimensional wings and wing/body configurations, and it has been shown that the procedure
can compute flows with significant regions of boundary-layer separation.

I. Introduction

IN past years, aircraft configuration design was accom-
plished mainly by wind-tunnel testing, while flow-calcula-

tion methods contributed little because they were limited to
simple geometries and restricted in the physical processes that
they represented. This virtually exclusive reliance on testing
had disadvantages that led to less-than-optimum designs.
Each potential configuration had to be fabricated as a wind-
tunnel model with corresponding expense and time delay; if
the tests suggested design changes, the process should have
been repeated, though on occasions this could not be done
because of the time and expense involved in an iteration cycle.
Moreover, tests provide incomplete information. For exam-
ple, static measurements may be restricted to a small number
of locations. Force and moment data are seldom explained in
terms of flow phenomena, and the extent of separated regions
is usually not determined. Finally, there is the necessary scal-
ing from model to full-scale vehicle that can be uncertain. For
example, separation observed on a model may be different
from that encountered in full scale.

Intensive efforts have been pursued for many years to over-
come the limitations of calculation methods and to develop
them to represent accurately the flow over airplane configura-
tions. Regardless of the specific algorithm employed, the cost
and, especially, the elapsed time required for a calculation is a
small fraction of that required for an experimental test. This
is mostly because a dataset specifying the desired geometry can
be prepared much more quickly than a model can be con-
structed, and also to the greater availability of computers as
compared to wind tunnels. Thus, many more configurations
can be studied computationally and only the most promising
selected for testing so that an optimum configuration can be
achieved with reduced expenditure. A flow computation
method is required to represent the geometry of the airplane
and the essential properties of the fluid. To achieve this objec-
tive, limitations of calculation methods have been removed in
recent years by the development of new arid powerful calcula-
tion tools.
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There are three possible approaches that can be used for the
calculation of the flow over an aircraft configuration. The
first approach makes use of the Reynolds-averaged Navier-
Stokes equations and various reduced forms including the
so-called parabolized and thin-layer Navier-Stokes equations.
Significant advances have been made in this area, for example,
by Shang and Scherr,1 who calculated the flowfield around the
hypersonic research aircraft X24C-10D for which a detailed
experimental database exists. They solved the Navier-Stokes
equations with a mesh system around 5 x 105 nodes and ob-
tained impressive results.

The second and third approaches make use of solutions of
inviscid and viscous flow equations coupled by special proce-
dures. The second approach is based on the two-dimensional
method developed by Gilmer and Bristow2 in which an empir-
ical inviscid flow model is used to represent the effects of flow
separation.2'3 A direct boundary-layer calculation is employed
up to the point of separation. Downstream of this point, they
introduced a free surface to represent the separated flow re-
gion. The shape and length of the separation zone are com-
puted by satisfying a constant pressure boundary condition on
the surface; very good results have been obtained for airfoils
at a wide range of angles of attack including stall.

The third approach, which is referred to as the interactive
boundary-layer (IBL) approach, uses special coupling tech-
niques between inviscid and viscous flows. The particular
form developed by Cebeci et al.4 is very general and allows any
inviscid flow method to be coupled with solutions of the
boundary-layer equations. A detailed description of the
method and of its application to a range of airfoils at angles of
attack up to and including stall is described in Ref. 4. A
comparison between this procedure and a method based on
the thin-layer Navier-Stokes equations5'6 demonstrates that
while the predictions of both procedures are almost identical
and agree well with experiments on airfoils at low angles of
attack, the predictions of the interactive scheme are better at
higher angles of attack, especially close to stall.6 In addition,
the computer time of the IBL procedure is a small fraction of
the Navier-Stokes method.

This paper extends the work of Ref. 4 to finite wings with
leading- and trailing-edge separation and explores the accu-
racy of the IBL scheme using boundary-layer calculations
obtained from solutions based on two-dimensional and quasi-
three-dimensional7 boundary-layer schemes. In Sec. II, the
inviscid method is briefly described prior to more extensive
descriptions of interactive boundary-layer methods based on
strip theory and quasi-three-dimensional approximations. Re-
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suits obtained with these procedures are presented in Sec. Ill
for several configurations and the relative merits of the two
interactive approaches are considered. A summary of this
work is provided in Sec. IV.

II. Description of the Interactive
Boundary-Layer Methods

The method described here combines inviscid-flow and in-
verse boundary-layer procedures in an interactive manner that
permits the calculation of flows with leading- and trailing-edge
separation. According to this approach, the in viscid method
of Sec. II. A is used to compute the flow over the given
configuration with a zero normal velocity boundary condi-
tion. The resulting pressure distribution serves as a boundary
condition for the viscous- flow method of Sec. II. B, which
computes all relevant boundary-layer parameters. While the
inviscid-flow calculations are performed for the entire config-
uration, viscous- flow calculations are presently restricted to
the wing and make use of strip-theory or quasi-three-dimen-
sional approximations to compute a surface blowing velocity,
which is used to simulate the displacement thickness in a
second inviscid-flow calculation. This procedure is repeated
until a converged solution is obtained.

A. Inviscid Flow Method
The in viscid flow method, which is the lower-order surface-

source panel method developed by Hess,8 represents a general
body by means of a set of quadrilateral panels, as shown in
Fig. 1. A three-dimensional configuration in general consists
of lifting sections, such as a wing or pylon, for which there is
a well-defined trailing edge, and nonlifting sections, such as a
fuselage. Under the formulation adopted by Hess,8 all panels
are assigned an independent source distribution while those on
a lifting section are also assumed to carry a bound vorticity
distribution. The singularity strengths are calculated by satis-
fying a normal velocity boundary condition on each panel
together with a Kutta condition applied at each trailing-edge
panel.

The nature of the Kutta condition adopted by the many
methods that are currently available varies greatly. The condi-
tion adopted by Hess8 is the physically meaningful condition
of equal upper- and lower-surface pressures at the trailing
edge. All other methods make use of other derived conditions,
which do not guarantee a pressure match at the trailing edge.
For instance, Margason et al.9 showed that pressure mis-
matches of up to half of the freestream dynamic pressure
could occur from such alternate forms of the Kutta condition.
Since we are interested in the computation of flows for which
the behavior of the boundary layer at the trailing edge can
have a significant effect on the overall flow solution, it is
believed that the approach adopted here is more realistic.

In updating the external inviscid velocity to account for the
viscous effects, a blowing velocity is introduced on the wing
surface. For flows involving large trailing-edge separation, it
has been shown in Ref. 4 that it is important to both evaluate
the external inviscid pressure distribution and apply the Kutta
condition on the displacement surface. In the present method
this is achieved by introducing additional off-body points
corresponding to each control point for which the displace-
ment thickness has been computed. These off-body points are
used both to compute the final pressure distribution and to
apply the Kutta condition.

B. Interactive Viscous-Flow Method
The interactive viscous-flow method is based on the two

reduced forms of the three-dimensional boundary-layer equa-
tions for a nonorthogonal curvilinear coordinate system,7

— (uh2 sin0) + —ox oz sin0) + — (vhih2 sin0) = 0oy (1)
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Fig. 1 Wing/body configuration.
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Here x,z denote the coordinate system on the surface of the
body, y is the distance measured normal to the surface, and 0
is the angle between the coordinate lines x and z. The quanti-
ties /*i,/*2, KI, K2, Ki2, K2i represent the geometric parameters
of the coordinate system, as discussed in Refs. 7 and 10.

The first reduced form of the aforementioned equations
results when the flow variation with respect to z is neglected.
The resulting equations, referred to as the quasi-three-dimen-
sional boundary-layer equations,7 are

—(uh2 sin0) + —(vhih2 sin0) = 0ox oy (5)
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The second is referred to as the strip-theory approximation,
which essentially solves the well-known, two-dimensional
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boundary-layer equations

dx dy

du du due d ( du —^-A
U—— 4- V—— = U~——- 4- ——I V—- — U V Idx ^y edx dy\dy )

(8)

n(9)

In this approach, the streamwise external velocity ue is re-
placed by the total velocity V defined by

= (w2 2uewe cos0)'/2 (10)

on each span wise strip.
The solutions of the above equations become singular at

separation when solved for the boundary conditions given by
Eqs. (4). They are not singular at separation, however, when
the external velocity is computed as part of the solution. This
is known as the inverse problem. A convenient inverse proce-
dure is one in which a link between the displacement thickness
and external flow is provided, and two such procedures have
been developed for this purpose for two-dimensional flows. In
the first,n~15 the solutions of the inviscid and the inverse
viscous flow equations are obtained for a specified displace-
ment-thickness distribution 5*(x). This procedure leads to the
external velocity distributions uev(x) derived from the inverse
boundary-layer solution, and uei(x) the inviscid velocity past
the body with viscous effects. A relaxation formula in the
form

-1 ,, = 0,1,2,... (11)

where co denotes a relaxation parameter, is then introduced to
define an updated displacement thickness distribution from
which new solutions of the boundary-layer equations and the
in viscid- flow equations are obtained. This interactive proce-
dure between the inviscid and viscous flow solutions is carried
out until convergence.

The second approach,4'16 which is preferred oh the grounds
of generality and physical basis, treats both the external veloc-
ity ue(x) and the displacement thickness d*(x) as unknown
quantities. The boundary-layer equations are solved in an
inverse mode with successive sweeps over the body surface.
For each sweep, the external boundary condition is written as
the sum of the inviscid velocity Ug (x) over the body, and a
perturbation velocity due(x). That is,

y = 6, ue(x) = u»(x) + due(x) (12)

with due(x) computed from the Hilbert integral given by

where the interaction region is confined between xa and xb.
This two-dimensional interactive procedure has recently

been extended to the quasi-three-dimensional equations re-
ferred to above.7 The relationship between displacement thick-
ness and external velocity needed in the interactive calcula-
tions was obtained by generalizing the formulation used fpr
two-dimensional flows. The irrotationality condition, which
for an orthogonal system is

(14)

was used to provide a relationship between the two velocity
components ue and we and shows that the choice of computing
the perturbation velocities due to viscous effects is not arbi-
trary. The assumption that due(x) is a function of x alone

requires that

and that at y = 6,

(15)

In this way, the edge boundary conditions for a quasi-three-di-
mensional boundary-layer flow with interaction are given by
Eqs. (12) and (15).

III. Results and Discussion
The numerical solution of the boundary-layer equations

given in the previous section was obtained with Keller's box
method, which is an efficient, second-order finite-difference
method extensively used by Cebeci and his associates for a
wide range of flows, as discussed in Bradshaw et al.10 The
description of the method for flows with prescribed pressure
distribution is given in that reference as well as in Cebeci and
Bradshaw.17 The general features of the inverse method,
which makes use of the Mechul-function formulation, are also
described for two-dimensional flows in Bradshaw et al.10 and
in Ref. 7 for quasi-three-dimensional flows. As in previous
two-dimensional studies the FLARE approximation in which
the convective term u(du/dx) is set equal to zero in the recir-
culating region is employed, and no attempt was made to
improve the accuracy of the solutions resulting from this
approximation. The closure requirement was satisfied with the
use of the Cebeci-Smith algebraic eddy-viscosity formulation
described in Refs. 17 and 18.

The interactive boundary-layer methods discussed in Sec. II
have been applied to several test cases, and the results are
presented in this section for wing-alone and wing/body con-
figurations.

A. Wing-Alone Configurations
Results for two wing-alone configurations were obtained

with the application of the IBL method using the two-dimen-
sional strip theory approach. The first one corresponds to an
RAE wing with a 28 deg sweep angle for which experimental
data has been obtained by Lovell.19 Figure 2 shows the com-
puted lift curve up to 18 deg angle of attack. It can be seen that
there is good agreement up to about 13 deg, beyond which the
discrepancy increases. This disagreement at the higher angles
of attack is believed to be due to the three-dimensional nature
of the flow and to the sensitivity of the calculations to the
transition location. Figure 3 illustrates the second point and
shows the variation of the flow solution with the transition
location at an angle of attack of 17.5 deg. Moving the transi-
tion location by 5% chord leads to a significant change in the
lift, separation location, and displacement thickness, particu-
larly near the wing tip.

Figure 4 shows the local skin-friction distribution for
a = 17.5 deg. Near the wing tip it can be seen that there is a
small leading-edge separation, shown by the region of negative
skin friction, and that the trailing-edge separation is occurring
at about 65% local chord.

Figures 5 and 6 illustrate the results obtained for a NACA
0012 swept wing for which data was obtained by Yip and
Shubert20 for a range of angles of attack. Figure 5 shows the
viscous and inviscid lift up to 21.18 deg from which the effects
of the increasing flow separation at higher angles of attack can
clearly be seen. Figure 6 shows the computed and experimental
pressure distributions for a. = 19.35 deg at two sections, 50
and 85% of semispan, and both of them agree very well.

B. Application to Wing/Body Test Cases
In addition to the two wing-alone cases discussed in the

previous subsection, three wing/body test cases corresponding
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Fig. 2 Comparison of computed and experimental lift curves for the
RAEwing.
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Fig. 5 Computed viscous and inviscid lift curve for the NACA 0012
swept wing.
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Fig. 3 Effect of transition location on flow separation, displacement
thickness, and lift distribution for the RAE wing, a = 17.5 deg.

Fig. 4 Leading- and trailing-edge separation location for the RAE
wing, a = 17.5 deg.

to an F-15 with a modified wing designed to investigate the
role of a leading-edge laminar separation, an Advanced Navy
Fighter configuration, and an unmodified F-15 were used to
evaluate the present method.

The F-15 laminar bubble configuration (Fig. 7) has been run
at a range of angles of attack using both the two-dimensional
and the quasi-three-dimensional boundary-layer procedures.
Figure 8 shows the computed lift compared with the experi-
mental data.21 It can be seen that at lower angles of attack the

——— INTERACTIVE
0 EXPERIMENT

Fig. 6 Comparison of calculated and experimental pressure distribu-
tion on the NACA 0012 swept wing, a = 19.35 deg.

two-dimensional and quasi-three-dimensional approaches
agree closely, while at higher angles of attack the quasi-three-
dimensional boundary-layer procedure agrees better with the
experimental data. At lower angles of attack, both approaches
overpredict the lift, possibly due to an inadequate modeling of
the flow over the body. Figure 9 shows an example of the
computed and experimental pressure distributions for
a = 10.75 deg at three spanwise stations from close to the wing
root to close to the wing tip. It can be seen that for this angle
of attack there is very little difference between the two-dimen-
sional and the quasi-three-dimensional boundary-layer meth-
ods, and that both procedures give a reasonable approxima-
tion to the measured pressures except close to the leading edge.

The second wing/body test case that has been considered is
the Advanced Navy Fighter, shown in Fig. 10, for which
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Fig. 7 F-15 laminar bubble wing-body configuration.
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Fig. 8 Comparison of two-dimensional strip theory and quasi-three-
dimensional methods for the F-15 fighter with laminar bubble wing.

Fig. 9 Comparison of the calculated and experimental pressure dis-
tribution for the F-15 with laminar bubble wing, a = 10.75 deg. Insert
shows the chordwise variation of displacement thickness as calculated
by the two-dimensional strip theory and the quasi-three-dimensional
boundary-layer methods: a) 38% semispan; b) 58% semispan; c) 88%
semispan.

experimental data is available in Ref. 22. This configuration
was tested experimentally both with and without a canard.
Figure 11 shows the computed and experimental lift distribu-
tions for this configuration without the canard. Figure 12
shows the viscous and inviscid pressure distribution compared
with experimental data at a = 1.1 deg without the canard,
plotted at two span wise locations. It can be seen that there is
good agreement. The effect of the canard is shown in Fig. 13,
in which the computed viscous lift distribution is shown with
and without the canard. This case was run with the canard at
zero deflection angle, and the viscous effects were computed
only on the main wing.

The final configuration is a standard F-15 wing/body (Fig.
14) for which experimental data was obtained by Anderson.23

Figure 15 shows the computed and experimental lift curves
from which it can be seen that there is good agreement up to
8.66 deg angle of attack. Figure 16 shows the computed pres-

Fig. 10 Advanced Navy fighter,
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bution for the F-15 fighter configuration, a = 8.66 deg: a) 36.2%
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sure distribution for 8.66 deg, which is in good agreement with
the experimental data.

IV. Conclusions
An interactive viscous/inviscid procedure has been devel-

oped for the computation of viscous flow over three-dimen-
sional wing/body configurations. The method is based on the
three-dimensional surface-source panel method developed by
Hess8 and an inverse finite-difference boundary-layer proce-
dure described in Refs. 4 and 18.

It has been found that the method is able to compute flows
with both leading- and trailing-edge separation. The results
presented show that, for the RAE wing, the method can
compute flows with separation occurring at about 65% chord.
Results are also presented using both a two-dimensional strip
theory boundary-layer solution as well as a three-dimensional
solution procedure. At lower angles of attack, it was found
that there is very little difference between the two- and three-
dimensional boundary-layer procedures. However, at higher
angles of attack, for which there are significant regions of
flow separation, the quasi-three-dimensional boundary-layer
procedure has been found to provide a useful improvement in
the results when compared with the experimental data.
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